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Solutions to Exercises 1

Problem Set 1.1, page 6

1 A combination of u, v, and u + v (vectors in R*) produces
ut+v—(ut+v)=0 u v u—l—v} 1|=0 Az =0

Ais4by 3, zis3by 1, 0is 4 by 1. Your example could use numerical vectors.

2 Suppose Az = Ay. Then if z = ¢ (z — y) for any number ¢, we have Az = 0. One

candidate is always the zero vector z = 0 (from the choice ¢ = 0).
3 We are given vectors aj to a,, in R™ with c;a; + -+ + cpa, = 0.
(1) At the matrix level Ac = [ ai ... a, |c=0,withthe a’s in the columns

of A, and ¢’s in the vector c.

(2) At the scalar level this is Z ajjc; = 0foreachrowi =1,2,...,m of A.
j=1

4 Two vectors x and y out of many solutions to Az = 0 for A = ones(3, 3) are

1 11 1 0 1 11 3 0
1 11 11=10 and 1 11 -3 1=10
1 11 -2 0 1 11 0 0

These vectors & = (1,1, —2) and y = (3, —3,0) are independent. But there is no 3rd
vector z with Az = 0 and independent x, y, z. (If there were, then combinations of

x,y, z would say that every vector w solves Aw = 0, which is not true.)

5 (a) The vector z = (1,—1,1) is perpendicular to v = (1,1,0) and w = (0,1, 1).
Then z is perpendicular to all combinations of v and w—a whole plane in R®.

(b) w = (1,1,1) is NOT a combination of v and w. And u is NOT perpendicular to

z = (1,—1,1): Their dot productis uTz = 1.



2 Solutions to Exercises

6 If u, v, w are corners of a parallelogram, then z = corner 4 can be u + v — w or
u — v + w or —u + v + w. Here those 4th corners are z = (4,0) or z = (—2,2) or
z = (4,4).
Reasoning : The corners A, B, C, D around a parallelogram have A + C = B + D.

7 The column space of A = [q; w v+ 2w} consists of all combinations of v and w.

Case 1 v and w are independent. Then C(A) has dimension 2 (a plane). A has rank 2

and its nullspace is a line (dimension 1) in R®: Then 2 + 1 = 3.

Case 2 w is a multiple cv (not both zero). Then C(A) is a line and the nullspace is a

plane: 142 = 3.

Case 3 v = w = 0 and the nullspace of A (= zero matrix) is all of R*: 0 + 3 = 3.

1 4 9 1 [ 1 4 9 }
8A=|1 4 9| =1|1 = rank— 1 matrix.
1 4 9 1

9 IfC(A) =R’ thenm = 3and n > 3and r = 3.

1 3 -2 1 1 2 3 1 2
10 A= 3 9 —6 | has Ch1=| 3 As=| 4 5 6 | has Co=| 4 5
2 6 —4 2 7 8 9 7 8
1 { 1 3 -2 } 1 2 1 0 -1
M A =CR=|3 Ay =C2Ry= | 4 5 01 2
2 7 8
12 The vector (1, 3,2) is a basis for C(A;). The vectors (1,4, 7) and (2,5, 8) are a basis

for C(Az). The dimensions are 1 and 2, so the ranks of the matrices are 1 and 2. Then

A; and A, must have 1 and 2 independent rows.

1 1 1 1
1 111

13 Anexampleis A = . Then C' and R are 4 by 2 and 2 by 4.
1100

1 1 0 0



Solutions to Exercises 3

1 0 0 2 0 2 5
14 A = and B = or B = have the same column

10 0 2 0 2 5

spaces but different row spaces. The basic columns chosen directly from A and B are

(1,1) and (2, 2). The rank =number of vectors in the column basis must be the same (1).

15 If A = CR, then the numbers in row 1 of C' multiply the rows of R to produce row 1
of A.

16 “The rows of R are a basis for the row space of A” means: R has independent rows,

and every row of A is a combination of the rows of R.

01 1 100
0 1|1](0 0 1 1 Ci || R Ci||Ri R
17 A, = =Ci1Ry Ax= ! [ 1} Az = ! { ! 1}
11 (&5 Ch
1 1
0 A C 0 R
18 If A = CR then = [ }
0 A C
13 8] [1 3 8 1 0 2 1 0 2
19A4=(1 2 6|/—|0 -1 -2|—]0 -1 -2|—=|0 -1 —-2|—
0 1 2 0 1 2 0 1 2 0 0 0
(1 0 2]
0 1 21 = SAMETOW ¢ emove the zero row to see Rin A = CR.
space as A.
O 0 0
20 C = ]glvesCC[lg}.R{Q 4}pr0ducesRRT:{20}.
2 4 T T )
A= produces C* AR { 130 } Then M = [ 130 } 55 = [ % }
3 6



4 Solutions to Exercises

110101 3
1| 14 -5
210CC= |3 2 1||1 2= has (CTC)~! = —
5 14 -5 2
0 1
11
. 1 3 8 74 55 . 41 =55
RR" = 3 2| = has (RR™) ™! =
1 2 6 55 41 55 74
8 6
1 3 8 11 11
I 10 29 5 14
CTAR" = 1 2 6 3 92| = 3 2| =
3 2 1 5 14 38
01 2 8 6 8 6
129 96
351 261

1|1 14 =5 1290 96 | 1| 41 —55
M =3 = =?
31 5 2 351 261 | 9| —55 74
b
d

a ma
} = { } then ad — bc = mac — mac = 0: dependent columns !

4] 2 |[1 2] [2][2][2 4]

(2 0] 2 0][1 0 2 0
24 | 0 2 |=CR=|0 2|0 =lo 2

CMR
(row of R from A)

b

23

o

=CMR

—_

N [=




Solutions to Exercises 5

Problem Set 1.2, page 13

1A|:1: y}:[o O}WhereB:{m y}isnbyQandC:[O O}ismbyQ.
2Yes,abTisanmbynmatrix. The number a;b; isinrowi,columnjofabT. Ifb=a

T

then aa " is a symmetric matrix.

3 (a) AB=aib; +---+a,b,

(b) The i, j entry of AB is Z @irbj.

k=1
T
4 If B has one column { by ... by } then AB = a1b1 +- - - +a,b, = combination
of the columns of A (as expected). Each row of B is one number by.
1 a by b by +abs by + ab
5 Verify (AB) C' = A (BC) for AB = SR I
0 1 by by bs by
b1 b 1 0 b1 +cby b AB was row ops
and BC — 1 2 _ 1 2 2 p
by by c 1 b3 +cby by BC was col ops

b1+abs by+asgby 1 0 b1+abs+cbo+acby by+aby
Row ops then col ops =

b3 by c 1 bz +cby by
1 al||bi+cba b b1 +abs+cba+acby  ba+ab
Col ops then row ops ! SRR N e ¥ ? L ! SAME
0 1 bs+cby by bs+cby by

If A, C were both row operations, (AC') B = (C A) B would usually be false.
6 B = I hasrows by, by, bs = (1,0,0),(0,1,0),(0,0,1). The rank-1 matrices are
a1b1=[a100} aQbQZ[O as 0} a3b3={00a3}.

The sum of those rank-1 matrices is Al = A.

1 2 00 2 0
7IfA= and B = then AB = has a smaller column
3 4 1 0 4 0

space than A. Note that (row space of AB) < (row space of B).
8 Fork=1ton
Fori=1tom

Forj=1top



6 Solutions to Exercises

Problem Set 1.3, page 20

1 If Bz =0 then ABx =0. So every « in the nullspace of B is also in the nullspace of
AB.

0 1 0 0
2 A= has A2 = and the rank has dropped.

00 00
0 1 0
But ATA = = has the same nullspace and rank as A.
10 00 0 1

A
3IfC = then C'x = 0 requires both Az = 0 and Bz = 0. So the nullspace of
B

C is the intersection N(A4) N N(B).

4 Actually row space = column space requires nullspace of A = nullspace of AT. But it

2
does not require symmetry. Choose any invertible matrix like A =
3 4
5 r=m=n A is any invertible square matrix
) 1 00
r=m<n As has extra columns like A5 =
0 1 1
r=n<m Aj has extra rows like AT
1 0 1 2 1 2 3
r<m,r<n Ay= or or
0 0 1 2 1 2 3

6 First, if Az = 0 then AT Az = 0. So N(AT A) contains (or equals) N(A).

Second, if AT Az = 0 then xTAT Az = 0 and ||Az||> = 0. Then Az =0 and N(A)
contains (or equals) N(AT A). Altogether N(AT A) equals N(A).

0 0
and A% = have different nullspaces.

0 1
7 A=
0

0
0 1 1 - .
8 A= has C(A) =N(A)=all vectors . But C(A)=N(A") is impossible.
0 0 0



Solutions to Exercises 7

R
9 1 3 2 8 edges
1
4 5 5 nodes Columns 1 to 5 are dependent
Az=0forz=| 1
Columns 1 to 4 are independent
1
- 1 -
-1 1 0 0 0
-1 0 1 0 0
-1 0 0 1 0 has rank 4
. . 0 -1 1 0 0| N(A)hasdimension 1
Incidence matrix A =
0 -1 0 0 1 | N(AT)hasdimension 4
0 0 -1 1 0 8 — 4 = 4 small loops
0 0 -1 0 1
o 0 0 -1 1

xr

10 If N(A) = {0}, the nullspace of B = [ A A A } contains all vectors | 3 | with

z
r+y+z=0.

11 (i) SN T hasdimension 0,1, or 2
(ii) S + T has dimension 7, 8, or 9

(iii) S+ = (vectors perpendicular to S) has dimension 10 — 2 = 8.



8 Solutions to Exercises

Problem Set 1.4, page 27
2 1 10|21

1 =
6 7 31 0 4
11 1] (10 0 111
11 1| ={110]]|000
111 101 000

N
I
—_
o
—_

0 0 2 -1 0

-1 2 -1 =1 -1/2 10 0 3/2 -1
0 -1 2| 0 -2/3 1 0 0 4/3
2 3
2 A5 = ailalj/an Check A = 16 and ag9 = (4)(3)/(2)

If a11 = 0 then the formula breaks down. We could still have rank 1.

1 0 0 2 1 0 2 1 0
3 EA=Uis 0 1 0 0 4 2|=10 4 2
-3 0 1 6 3 5 ] 0 0 5
2 1 0 1 0 0 2 1 0
A=LUis| 0 4 2 |=10 1 0 0 4 2 Note L = E—1
6 3 5 3 01 0 0 5
1 0 0 1 0 0 1 0 0
ac — b mixes
4 EbEir=10 1 0 —a 1 0| = —a 10
the multipliers
0 —c 1 -b 0 1 ac—b —c 1
1 0 0 1 0 O 1 0 0 In this order the
Ef'E;'=1]a 1 0 01 0|=|a 1 0] multipliers fall

b 0 1 0 ¢ 1 b ¢ 1 into place in L



Solutions to Exercises 9

5 If zero appears in a pivot position then A = LU is not possible. We need a permutation

P to exchange rows and lead to nonzero pivots.

0 1 10 d e 0=d (1,1entry)
= leads to
2 3 ¢ 1 0 f 2 =/{d (impossible if d = 0)
1 10 1 0 0 d e g 1
1 1 1 0 d e
11 2|=|+¢ 10 0 f h|leadsto =
11 ¢ 10]o ¥
1 2 1 m n 1 0 0 =1 -

second pivot is zero

d e g 1 10
d e
Then must be singular and | f h issingular. BUT | 1 1 2
0 f
0 0 ¢ 1 21
is invertible ! So A = LU is again impossible.
6 ¢ = 2 makes the second pivot zero. But A is still invertible.
¢ = 1 makes the third pivot zero. Then A is singular.
a a a a 10 00 a a a a
a b b b 1100 0 b—a b—a b—a
7 A=LUis =
a b ¢ ¢ 1110 0 0 c—b ¢c—b
a b ¢ d 11 11 0 0 0 d—c

For nonzero pivots in U, we need a # 0,0 # a,c # b,d # c.

8 If A is tridiagonal and A = LU (no row exchanges in elimination) then L and U have

two diagonals. The only elimination steps subtract a pivot row from the row directly

beneath it.
(11 0 1 11 0
A=11 2 1 |=]11 11
0 1 2 11 1
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Solutions to Exercises

The second pivot in elimination depends only on the upper left 2 by 2 submatrix Ao
of A. The third pivot depends only on the upper left 3 by 3 submatrix (and so on).

So if the pivots (diagonal entries in U) are 5, 9, 3, then the pivots for A are 5, 9.

Continuing Problem 9, the upper left parts of L and U come from the upper left part
of A. Then L, U} is the factorization of Ay.
Ly 0 Up
A= SO Ak = LkUk
x ok 0 =
The example could exchange rows of A to put the larger number 3 into the (1,1)

position where it would become the first pivot. That would be the usual permutation in

MATLAB and other systems.

This problem also exchanges columns to put the even larger number 4 into the (1,1)
position. A column exchange comes from a permutation multiplying on the right side

of A. So this problem works on both sides :

1 2 4 3 1 3 4 2
A= leadsto Py AP, = A= leadsto P, AP, =
3 4 2 1 2 4 3 1
With m rows and n columns and m < n, elimination normally leads from A to
1 2 4
U= [ U Us ] Example: U =
0 3 9

mxn mx(n—m)

There must be nonzero solutions to Uz = 0. To see this, set 3 = 1 and solve

2
1 2 X1 4 xr1 = 2
=— to find . Sox=| —3 | solves Az = 0.
0 3 X9 9 Xro = -3
1



Solutions to Exercises 11

Problem Set 1.5, page 35

1 Ifulv=0andu’u=1andvTv=1then (u+v)'(u—v)=1+0-0-1=0
Also [lu+v|? =vTu+vTu+utv+vTv=1+0+0+1=2and||u—v|* =2

2 v is separated into a piece u(uTwv) in the direction of u and the remaining piece

w = v — u(ulv) perpendicular to w. Check uTw = uTv — (uTu)(uTv) = 0.

3wlw+ 2Tz = (u+v)T(u+v)+ (u—v)T(u—-v) = (Wu+vT +uTv+

viu) + (wru vty —ulv —vTu) = 2(ulu + vl ).

Sum of squares of 2 diagonals = Sum of squares of 4 sides.

4 Check (Qz)*(Qy) = zTQTQy = ="y : Angles are preserved when all vectors are
multiplied by Q. Remember Ty = ||z|| ||y|| cos§ = (Qz)™ (Qy) : same 0!

5 If ( is orthogonal (this word assumes a square matrix) then QTQ = I and QT is Q1.

Check (Q1Q2)" = Q3 QT = Q5'Q7" whichis (Q1Q2) .

6 Every permutation matrix has unit vectors in its columns (single 1 and n — 1 zeros).

Those columns are orthogonal because their 1’s are in different positions.

01001 1 1 1 1 i i 3 11 1 14]1
00 10(l1 ¢ ¢ ¢ 1 42 4% 48 1 4 ¢ 3 i
000 1|1 4% 44 48 1 3 % 49 1 2 4+ S i2
100 0f]1 43 46 49 1 1 1 1 1 ¢ % 49

This says that P times the 4 columns of F gives those same 4 columns times 1,1, i2, i3 =

A1, A2, Az, Ay = the 4 eigenvalues of P.

The columns of F/2 are orthonormal! To check, remember that for the dot product

of two complex vectors, we take complex conjugates of the first vector : change i to —1.



12 Solutions to Exercises

8 WTw= so that the columns of W are orthogonal but not orthonormal.

1/4

.—
-
—
-

1/4

—_
—_
|
—_
|
—_

Then W1 = (WTW)"1WwT =
1/2

o —
\
o =
= o
\
— o

1/2



Solutions to Exercises 13

Problem Set 1.6, page 41

1 To check: A\j+\s = trace = cos O+cos § and A\; Ao = determinant = cos? §+sin’ § = 1

and T x5 = 0 (orthogonal matrices have complex orthogonal eigenvectors).

1 , ,
Q' =Q" haseigenvalues — =¢ " and — = ¢
ev e—1
—A 2
2 det :)\2_)\—2:()\—2)()\+1):0gives)\1:2and)\2:—1,
1 1-A

The sum 2 — 1 agrees with the trace 0 + 1. A~ has the same eigenvectors as A, with

eigenvalues \; ' = % and \; ! = —1.

3 AhasA=3and 1, Bhas A = 1and 3, A+ B has A = 5 and 3. Eigenvalues of A + B
are generally not equal to A\(A)+ A\(B). Now A and B have A = 1 (repeated). AB and
BA both have A\ — 4\ + 1 = 0 (leading to A = 2 + /3 by the quadratic formula).

The eigenvalues of AB and B A are the same—but not equal to A\(A) times A(B).
4 Aand Bhave \; = 1 and A\, = 1. AB and BA have A2 — 4\ + 1 and the quadratic
formula gives A\ = 2 & v/3. Eigenvalues of AB are not equal to eigenvalues of A times

eigenvalues of B. Eigenvalues of AB and B A are equal (this is proved at the end of
Section 6.2).

5 (a) Multiply Az to see Ax which reveals A (b) Solve (A — AI)x = 0to find x.

6 det(A— M) = A2 — 1.4\ + 0.4 s0 Ahas \; = 1 and \p = 0.4 with z; = (1,2) and
3 = (1,—1). A has \; = 1 and Ay = 0 (same eigenvectors). A% has \; = 1 and
A2 = (0.4)'%° which is near zero. So A% is very near A>°: same eigenvectors and
close eigenvalues.

7 SetA=0indet(A—A) = (A —A)...(Ap = A) tofinddet A = (A1) (A2) -+ (An)-
8\ = 2(a+d++(a—d)?2—4bc)and A\ = 2(a+d—V  )addtoa+d.
If Ahas \; = 3 and A\ = 4 thendet(A — M) = (A —3)(A—4) = A2 —7TA +12.

0 3 2 2 2

4
9 These 3 matrices have A = 4 and 5, trace 9, det 20: , , .
0 5 -1 6 -3 7
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0 1
A= has trace 11 and determinant 28, so A = 4 and 7. Moving to a 3 by

—28 11
3 companion matrix, for eigenvalues 1,2, 3 we want det(C' — M) = (1 — A\)(2 — A)

(3 — ). Multiply out to get —A3 + 6A% — 11\ + 6. To get those numbers 6, —11,6
from a companion matrix you just put them into the last row:
0 1 0
C=10 0 1| Notice the trace 6 = 1 + 2 + 3 and determinant 6 = (1)(2)(3).
6 —11 6

(A — X\I) has the same determinant as (A — AI)T because every square matrix has

det M = det MT. Pick M = A — \I.

1 0 1 1| have different
and

1 0 0 0] eigenvectors.

A = 0,0, 6 (notice rank 1 and trace 6). Two eigenvectors of uv™ are perpendicular to

v and the third eigenvectoris u: ¢1 =(0,—-2,1), z2=(1,—2,0), xz5=(1,2,1).

When A and B have the same n \’s and x’s, look at any combination v = cix1 +
<o+ 4+ cpx,. Multiply by A and B: Av = ci @1 + -+ + cp T, equals By =

i\ + - -+ ep Anxy, for all vectors v. So A = B.

(a) w is a basis for the nullspace (we know Au = Ou); v and w give a basis for the
column space (we know Av and Aw are in the column space).

(b) A(v/3+w/5) = 3v/3+5w/5 = v+ w. Sox = v/3+ w/5 is a particular
solution to Ax = v + w. Add any cu from the nullspace

(¢) If Ax = u had a solution, u would be in the column space: wrong dimension 3.

Eigenvectors in X and eigenvalues in A. Then A = XA X ! is given below.

The second matrix has A = 0 (rank 1) and A = 4 (trace = 4). Anew A = XAX1:

1 2 111 of |t 1| [1 1 1 1{]o of|F —3%
0 3 0o 1{]o 3||o 1] |3 3 -1 3] [0 4| |1 1
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16

17

18

19

20

21

22

23

If A = XAX ! then the eigenvalue matrix for A + 21 is A + 2I and the eigenvector
matrix is still X. So A +2/ = X(A+2)X ' = XAX 1+ X(2)X 1= A+2I

(a) False: We are not given the \’s (b) True (c) True (d) False: For this we

would need the eigenvectors of X.

1] [a 11 MAA A=A
A= XAX! = ! 2= |7 T
1 -1 Ao 1 -1 Al — A2 AL+ Ao
a b
These are the matrices , their eigenvectors are (1,1) and (1, —1).
b a

(a) True (no zero eigenvalues) (b) False (repeated A = 2 may have only one line of

eigenvectors) (c) False (repeated A may have a full set of eigenvectors)

(a) False: don’t know if A\ = 0 or not.
(b) True: an eigenvector is missing, which can only happen for a repeated eigenvalue.

(c) True: We know there is only one line of eigenvectors.

A¥ = X A* X1 approaches zero if and only if every || < 1; A; is a Markov matrix
S0 Amax = 1 and A% — A3, Ay has A = .6 & .3 s0 A5 — 0.

. L1 “1] 11 o0 11

1 2 201 1]]o 3| |-1 1
JTOE VIS B R N 11
201 1| lo 3| |-1 1

1+38 1-3F

1
Multiply those last three matrices to get A¥ = —
211-3F 143k

1 1
R=XVAX~!= /2 = has R?= A.



16 Solutions to Exercises

/B needs A = v/9 and v/—1, trace (their sum) is not real so v/B cannot be real. Note

-1 0 . .
that has rwo imaginary eigenvalues v/—1 = ¢ and —1, real trace 0, real
0 -1
0 1
square root
-1 0

24 A = XA X 'and B = XA, X ~'. Diagonal matrices always give AjAy = AxA;.
Then AB = BA from

XA X' XAX = XAJAoX 1 = XAgA1 X1 = XA X ' XA X! = BA.

25 Multiply columns of X times rows of AX 1.

26 To have A = BAB~! requires A to have a full set of n independent eigenvectors. Then

B is the eigenvector matrix and it is invertible.



Solutions to Exercises 17

Problem Set 1.7, page 52

1 The key is to form y* Sz in two ways, using ST = S to make them agree. One way

starts with Sz = Ax: multiply by y*. The other way starts with Sy = oy and then

TGT _ T

Yy ay-.

The final step finds 0 = (A — a) y* x which forces y*x = 0.

10
2 Only Sy = has two positive eigenvalues since 101 > 102,
10 101
xTS1x = 522 + 122119 + T3 is negative for example when 21 = 4 and 25 = —3:

Aj is not positive definite as its determinant confirms; Ss has trace cg; S5 has det = 0.

3 Positive definite 1 0 1 b 1 0 1 0 1 0
= =LDLT

for -3 <b<3 b 1|0 9-0b2 b 110 9-b2||0 1

Positive definite 1 02 4 1 0] (2 0 1

= =LDLT.
forc > 8 2 1110 c¢c—8 2 1110 ¢c—8[]0 1
Positive definite 1 0 c 0
L= D = S=LDLT.
for ¢ > b —b/c 1 0 c—b/c

4 If z isnotreal then \=x T Az /x ™ x is not always real. Can’t assume real eigenvectors!

31 3 —3 3 3 9 12 64 —.48 36 .48
5 =2 +4 : =0 +25
1 3 -1 1 Lol |12 16 —48 .36 A8 .64

6 M is skew-symmetric and orthogonal; \’s must be ¢, i, —i, —i to have trace 0, | A| = 1.

i 1
7 A= has A = 0,0 and only one independent eigenvector = (¢, 1). The
1 —i

good property for complex matrices is not AT = A (symmetric) but At = 4
(Hermitian with real eigenvalues and orthogonal eigenvectors: see Problem 22 and

Section 9.2).

8 Eigenvectors (1,0) and (1,1) give a 45° angle even with AT very close to A.
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Solutions to Exercises

(@) ST =Sand STS = Ileadto S? = I.

(b) The only possible eigenvalues of S are 1 and —1.
Qf
Q3

Eigenvalues of ATSA are different from eigenvalues of S but the signs are the same :

() A= ! 0 soS[Ql Q2]A =Q1QT — Q2Q7T with QT Q2 = 0.

0 —-I

the Law of Inertia gives the same number of plus-minus-zero eigenvalues.

0 b
det(S —al) = = —b? is negative. So the point z = a is between the

b c—a
two eigenvalues where det(S — A7) = 0 and det(S — A2I) = 0. This A\; < a < Ao

is a general rule for larger matrices too (Section I1.2) : Eigenvalues of the submatrix of
size n — 1 interlace eigenvalues of the n by n symmetric matrix.

0 1 X1
T Sx = 22112 comes from { T1  To } . That matrix has eigenvalues

1 0 T
1 and —1. Conclusion: Saddle points are associated with eigenvalues of both signs.

2 3 3
1 2 6 5
ATA = and ATA = are positive definite; ATA= 13 5 4] is
2 13 5 6
3 4 5

singular (and positive semidefinite). The first two A’s have independent columns. The
2 by 3 A cannot have full column rank 3, with only 2 rows; AT Ais singular.
4 —4 8

has only one pivot = 4, rank S = 1,
S=1|-4 4 -8

eigenvalues are 24,0,0,det S = 0.
8 —8 16

Corner determinants |S1| = 2, |S2| = 6, |:S3| = 30. The pivots are 2/1,6/2,30/6.
S is positive definite for ¢ > 1; determinants ¢,c? — 1, and (¢ — 1)%(c + 2) > 0.
T is never positive definite (determinants d — 4 and —4d + 12 are never both positive).
S = ; 12 is an example with a + ¢ > 2b but ac < b, so not positive definite.

xSz is zero when (1, 22, 73) = (0, 1, 0) because of the zero on the diagonal. Actu-

ally £ Sx goes negative for x = (1, —10,0) because the second pivot is negative.
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19

20

21

22

23

24

25

26

27

If aj; were smaller than all \’s, S — a;;1 would have all eigenvalues > 0 (positive
definite). But S — a;;I has a zero in the (7, j) position; impossible by Problem 18.

1 —1| [0 11

Ao \/I*11:21;A:Q40QT—31

V2 V2 1 2 0 2 1 3
The ellipse 2% 4 2y + y? = 1 has axes with half-lengths 1/v/A = /2 and /2/3.

300 1 1 1
T
The Cholesky factors A = (L\/E) =0 1 2/landA = |0 1 1 | have

00 2 00 Vb
square roots of the pivots from D. Note again ATA = LDLT = §.

The energy test gives 1 (ATCA) x = (Az)"C(Azx) = yTCy > 0since C is positive
definite and y = Az is only zero if x is zero. (A was assumed to have independent

columns.)

This is just like the AT A discussion, but now with a positive definite C' in ATC A.

622 2x| . . 1 1
S = is semidefinite; f; = (52% +y)* = 0 on the curve 32% + y = 0;
20 2
6 1 0 - : -
Sy = = is indefinite at (0, 1) where first derivatives = 0. Then
1 0 10

x =0,y = 11is asaddle point of the function f>(z,y).

If ¢ > 9 the graph of z is a bowl, if ¢ < 9 the graph has a saddle point. When ¢ = 9 the
graph of z = (2 + 3y)? is a “trough” staying at zero along the line 2z + 3y = 0.

det S = (1)(10)(1) = 10; A = 2 and 5; &1 = (cos 0,sinf), x5 = (—sinb, cosd); the

A’s are positive. So S is positive definite.
Energy ' Sz = a (v1+x2+13)?+c(va—x3)? > 0ifa > 0 and ¢ > 0: semidefinite.

S has rank < 2 and determinant = 0; cannot be positive definite for any a and c.
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28 (a) The eigenvalues of A\ — S are \y — A1, A1 — Ao,..., A1 — A,. Those are > 0;
A1l — S is semidefinite.

(b) Semidefinite matrices have energy =1 (\;I — S) z > 0. Then \yzTx > T Sz.

(c) Part(b)says T Sxz/xTx < A\ forall z. Equality holds at the leading eigenvector
with Sz = A\ x.

(Note that the maximum is A\;—the first printing missed the subscript “one”).
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Problem Set 1.8, page 68

1

8

(c1vT 4 +epvl) (crvi+- - +epvy) = c3+- - -+c2 because the v’s are orthonormal.

(c1vT+- - 4c,wl) S (crvi+- - +cpvn) = ( ) (1A 01+ Fep Ay
=N+ 3N

Remember that Ay > Ay > ... > \,. Then A\jc? + -+ A,c2 < (2 +---+c32).

n —

Therefore the ratio R(x) is < A;. It equals A; when & = v;.

Notice that vy = (c1v] + -+ + c,v}l) v1 = ¢1. Then zTv; = 0 means ¢; = 0.

AoCl + -+ Apc? )
Now R(x) = 272 7" js a maximum when & = vy and ¢ = 1 and other
2442
2 n

c’s=0.
The maximum of R(z)= ™ Sx/xTx is A3 when z is restricted by T v =z v, =0.

If A= UXV" then AT = VXTUT (singular vectors u and v are reversed but the
numbers o1, . .., o, do not change. Then Av = ou and ATu = ow for each pair of

singular vectors.

05 0 0
For example A = has o1 = 5 and so does AT = . But || Ax|| #
0 5 0

||ATz|| for most z.

Exchange u’s and v’s (and keep 0 = /45 and o = /5) in equation (12) = the SVD
3 0

of
4 5

This question should have told us which matrix norm to use! If we use ||A|| = o1

then removing olulv? will leave the norm as o,. If we use the Frobenius norm

(02 4 - + 02)1/2, then removing oy u; v] will leave (03 + - - - + 02)1/2,

0 2 0 010 3 00 0 0 1

0 0 3 1 00 0 2 0 01 0 |=U0zZVT
0 00 0 0 1 0 00 1 0 0
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Solutions to Exercises

(Correction to first printing) Remove both factors % that multiply 2T Sz. Then max-
imizing TSz with zTx = 1 is the same as maximizing their ratio R(x).

Now the gradient of L = xSz + A(xTx — 1) is 252 — 2\x. This gives gradient
= 0 at all eigenvectors v to v,,. Testing R(x) at each eigenvector gives R(vy) = A
$0 ¢ = v; maximizes R(x).

If you remove columns of a matrix, this cannot increase the norm. Reason: We still
have norm = max ||Av||/||v]|| but we are only keeping the v’s with zeros in the posi-
tions corresponding to removed columns. So the maximum can only move down and

never up.

Then removing columns of the transpose (rows of the original matrix) can only reduce

the norm further. So a submatrix of A cannot have larger norm than A.

Thetraceof S=| 0 A4 ; AT 0 } is zero. The eigenvalues of .S come in plus-
minus pairs so they add to zero. If A = diag(1,2,...,n) is diagonal, these 2n eigen-
values of S are 1 to n and —1 to —n. The 2n eigenvectors of S have 1 in positions 1 to
n with all +1 or all —1 in positions n + 1 to 2n.
2 -1 50 1 2

24| [2][1 2] 1 o2]]oo]|2 -1 i
A= s = , meansthatA:T T:UEV .
The homemade proof depends on this step: If A is diagonal and XA = AX then X is
also diagonal. That step fails when A = I because X1 = I for all 3. The step fails

unless the numbers A1, ..., A, are all different (which is usually true—but not always,

and we want a proof that always works).

Note : If \; # A2 then comparing the (1, 2) entries of XA and AX gives Aoo12 = A10712
which forces 12 = 0. Similarly, all the other off-diagonal ¢’s will be zero. Repeated
eigenvalues \; = Ao or singular values always bring extra steps.

For a 2 by 3 matrix A = UXVT, U has 1 parameter (angle #) and ¥ has 2 parameters
(o1 and 03) and V has 3 parameters (3 angles like roll, pitch, and yaw for an aircraft in

3D flight). Total 6 parameters in UX VT agrees with 6 in the 2 by 3 matrix A.
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18
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22

23

For 3 by 3 matrices, U and ¥ and V' have 3 parameters each. For 4 by 4, ¥ has 4
singular values and U and V involve 6 angles each: 6 4+ 4 + 6 = 16 parameters in A.

(See also the last Appendix.)

4 numbers give a direction in R®. A unit vector orthogonal to that direction has 3
parameters. The remaining columns of @ have 2, 1,0 parameters (not counting +/—

decisions). Total 4 + 3 + 2 + 1 + 0 = 10 parameters in ().

If AT Av = M with X # 0, multiply by A: (AAT)Av = X\ Av with eigenvector Av.

A =UxVT gives A= = VE71UT when A is invertible. The singular values of
AT Aare 02, ..., 02 (squares of singular values of A).
(Correction to 1st printing: Change S to A: not symmetric!) If A has orthogonal

columns of lengths 2, 3,4 then AT A = diag (4,9,16) and ¥ = diag (2, 3,4). We can
choose V' = identity matrix and U = AX~! has orthogonal unit vectors : the original
columns divided by 2, 3, 4.

We know that AATA = (USVT)(VSTUT) (UZVT) = U(ESSTE) VT So the

singular values from XXTY are o3 to 0.

To go from the reduced form AV, = U, %, to A = UTETVTT, we cannot just multiply
both sides by V;T (Since V,. only has r columns and rank r, possibly a small number,
and then VTVTT is not the identity matrix). But the result A = UTETV;T is still correct,
since both sides give the zero vector when they multiply the basis vectors v, 41, ..., v,

in the nullspace of A.

This problem is solved in the final appendix of the book. Note for = 1 those rank-one
matrices have m + n — 1 free parameters : vectors w; and v, have m + n parameters

but there is freedom to make one of them a unit vector: A = (u1/||u1]|) (||u1|[vT).
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Problem Set 1.9, page 80

1 The singular values of A — Ay are ojy1 > Ogy2 > ... > o, (the smallest r — k

singular values of A).

w
(e}
(e}

2 The closest rank 1 approximationsare A= 0 0 0 A= 03 A=
0 0 0
3 Since this A is orthogonal, its singular values are 07 = 02 = 1. So we cannot reduce
its spectral norm omax by subtracting a rank-one matrix. On the other hand, we can
reduce its Frobenius norm from ||A||p = v/2 to ||A — ujo10]||p = V1.

1 3 -3

4A-A =
21 1

has ||A — A1]|cc = max row sum = 3. But in this “co

norm” (which is not determined by the singular values) we can find a rank-one matrix

B that is closer to A than A; is.

1 .75 2 =75
B= has A— B = and ||A — B||s = 2.75.
4 3 0 2
1 0 cosf 0 .
5IfA = then QA = . Those matrices have ||A||c = 1
00 sinf 0

different from ||QA||s = | cosb)].

6 S = QAQT = \iq,qf + - is the eigenvalue decomposition and also the singular
value decomposition of S. So the Eckart-Young theorem applied to A\1q,q} is the
nearest rank-one matrix.

7 Express E = ||[A— CR|[}3 as E =) (Ai; — Y CixRy;)*. Take the derivative with

k

.
respect to each particular Cy.

OF
0Crk

=2 (A1; — CixRi;) R,
j

The (1,1) entry of A—CRis aj1—c11711 —c12721- The (1,1) entry of A—(C+AC) R
is a11 — C117T11 — C12721 — Acuru — A012T21. TO COMPLETE
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Squaring and subtracting, the leading terms (first-order) are 2(a;1—c11711 —c127921) (Aci1711+
Aciar12).

8 ||A— Aill2 = 02(A) and ||A — Az||2 = 03(A). (The 2-norm for a matrix is its largest
singular value.) So those norms are equal when o2 = o3.

9 Our matrix has 1’s below the parabola y = 1 — 22 and 0’s above that parabola. The
parabola has slope dy/dz = —2x = —1 where # = % and y = 2. Remove the
rectangle (filled with 1’s and therefore rank = 1) below y = % and to the left of z = %
Above that rectangle, between y = % and y = 1, the rows of A are independent.
Beyond that rectangle, between x = % and x = 1, the columns of A are independent.
Since % + % = %, the rank of A is approximately %N .

10 Aisinvertibleso A~! = VX ~1U™ has singular values 1 /0 and 1/5. Then ||A~Y||; =
max singular value = 1/09. And ||[A7Y|% = (1/01)? + (1/02)2.



26

Solutions to Exercises

Problem Set 1.10, page 87

1

Yy 1 0 5 4 Lo | |5 4/2
0 1/2 4 5 0 1/2 4/2 5/4
5—A
det(S — AM) = det =4X? —2504+9=0
4 5—4\
5—A 2 2
det(H — M) = det 5 :AQ——5>\+9:0
2 S - 4 4
4
25+ V252 — 144 25+ /481

By the quadratic formula, d = 3 3

The first equation agrees with the second equation (times 4). The eigenvectors will be

too complicated for convenient computation by hand.
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Problem Set 1.11, page 96

1[0l = vf + -+ op < (maxvi]) (jva] + -+ + [va ) = [[v]| o Jv]1

2 (Length)? is never negative. We have to simplify that (length)? :

T T T T, \2 T, \2 T, \2
_Y ww va ww:vT'va(v w) Jr(v w) :’UT’U*M>O.
wTw wTw wTw wTw wTw

Multiply by wTw.

3 ] =0v?+ -+ 02 <n max|y]? so ||v]|z < /1 max|v;|.
For the second part, choose w = (1,1, ...,1) and use Cauchy-Schwarz:
lvlly = [vifws + - -+ Jonfwn < [|v]l2 [[w]lz = Vi lv]l2

4 For p = 1 and ¢ = oo, Holder’s inequality says that

[t w] < vl [[wlloe = (jv1] + - + |val) max|uw]
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Problem Set 1.12, page 109

1 The v derivative of (a —viu1)? + (b—wviu2)? is —2u1(a —viu1) — 2uz(b—viuz) = 0.
Dividing by 2 gives (u? 4+ u2)?v1 = uja+ usb. In11.2, this will be the normal equation
for the best solution v; to the 1D least squares problem uv; = a;.

2 Same problem as 1, stated in vector notation.

3 This is the same question but now for the second component vo. Together with 1, the
combined problem is to find the minimizing numbers (v, v2) for ||a — vu||* when u

is fixed.

4 The combined problem when U is fixed is to choose V' to minimize ||A — UV||2. The

best V solves (UTU)V = UT A.

5 This alternating algorithm is important! Here the matrices are small and convergence

can be tested and seen computationally.

6 Rank 1 requires A = uuT. All columns of A must be multiples of one nonzero column.

(Then all rows will automatically be multiples of one nonzero row.)

7 For the fibers of T in each of the three directions, all slices must be in multiples of one
nonzero fiber. (Question : If this holds in two directions, does it automatically hold in

the third direction ?)
9 (a) The sum of all row sums must equal the sum of all column sums.

(b) In each separate direction, add the totals for all slices in that direction. For each

direction, the sum of those totals must be the total sum of all entries in the tensor.
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Problem Set I1.2, page 135

1 The step from AT Ax = 0to Az = 0 is proved in the problem statement. The opposite
statement (if Az = 0 then AT Az = 0) is the easier direction. So N(ATA) = N(A).

Orthogonal to that subspace is the row space of AT A = row space of A.

2 The link from A = UXV?T to AT = VEFTUT shows that A and A+ have the same
number (the rank r) of nonzero singular values. If A is square and Az = A\x with
A # 0, then ATz = %az Eigenvectors are the same for A and A™, eigenvalues are )

and 1/N (except that A = 0 for A produces A = 0 for A+ !).

3 Note that (v;u} /o;) (ojuj'v;-f) is zero if i # j (because ulw; = 0) and it is v;v} if

i = j. Then the product (Yvu; /0;) (Soju;v] ) just adds up the results v;v] to get

the matrix VVT = I.

Problems 12-22 use four data points b = (0, 8, 8, 20) to bring out the key ideas.

b4=20 T
e b = (0,8,8,20)
— p4 ’ AN
e \
b=C + Dt 7, ) Car + Da
4 €3
b2=b3=8“
)
T p2 a2:(0'193~4)
P e a) = (1,1,1,1)
bl=0 | : | |

T T 1
=0 =1 =3 1,=4

Figure 1: Problems 12-22: The closest line C' + Dt matches Ca; + Das in R*.

12 With b = 0,8,8,20 at t = 0,1,3,4, set up and solve the normal equations
AT Az = ATb. For the best straight line in Figure 1, find its four heights p; and

four errors e;. What is the minimum value E = e? + €3 + €3 + e3?
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(Line C + Dt does go through p’s) With b = 0,8,8,20 at times t = 0, 1, 3,4, write
down the four equations Ax = b (unsolvable). Change the measurements to p =

1,5,13,17 and find an exact solution to AZ = p.

Check that e = b — p = (—1,3,—5,3) is perpendicular to both columns of the

same matrix A. What is the shortest distance ||e|| from b to the column space of A?

(By calculus) Write down E = || Az — b||? as a sum of four squares—the last one is
(C 44D — 20)2. Find the derivative equations 9E/0C = 0 and 9E /0D = 0. Divide

by 2 to obtain the normal equations AT Az = ATb.

Find the height C of the best horizontal line to fit b = (0, 8,8, 20). An exact fit would
solve the unsolvable equations C' = 0, C = 8, C' = 8, C' = 20. Find the 4 by 1 ma-
trix A in these equations and solve AT AZ = ATb. Draw the horizontal line at height

7 = C and the four errors in e.

Project b = (0,8, 8,20) onto the line through @ = (1,1,1,1). Find 7 = a*b/a"a
and the projection p = Za. Check that e = b — p is perpendicular to a, and find the

shortest distance ||e|| from b to the line through a.

Find the closest line b = Dt, through the origin, to the same four points. An exact fit
would solve D -0 = 0,D -1 =8,D-3 = 8,D -4 = 20. Find the 4 by 1 matrix
and solve ATAZ = A"b. Redraw Figure la showing the best line b = Dt and the

>

e€'s.

Project b = (0,8, 8,20) onto the line through a = (0,1,3,4). Find T = D and
p = Za. The best C' in Problems 16-17 and the best D in Problems 18-19 do not agree
with the best (C, D) in Problems 12-15. That is because (1,1,1,1) and (0, 1, 3, 4) are

perpendicular.

For the closest parabola b = C' + Dt + Et? to the same four points, write down the
unsolvable equations Az = b in three unknowns & = (C, D, E). Set up the three nor-
mal equations AT Az = ATb (solution not required). In Figure 1a you are now fitting

a parabola to 4 points—what is happening in Figure 1b?
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21 For the closest cubic b = C + Dt + Et? + F't> to the same four points, write down the
four equations Az = b. Solve them by elimination. In Figure 1a this cubic now goes

exactly through the points. What are p and e?

22 The average of the four times is ¢ = %(O + 1+ 3+ 4) = 2. The average of the four b’s
ish=1(0+8+8+20)=0.

-~

(a) Verify that the best line goes through the center point (¢, ) = (2,9).

(b) Explain why C + D = b comes from the first equation in AT Az = ATb.
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Problem Set IV.1, page 212

1 Warning: References to the complex dot product should be removed. This is just
multiplication of the matrices F'(). Off the diagonal of F'() we have i # j and the sum
S has powers of w' w/ = w7,

S =1+4w"7 +w?* ) 4 ... =0in equation (5) when i # j.

2 If M = N/2 then (wy)M = e2miM/N — emi — _ 1

1 1 1 1 1 1 1 1 1
because w=w?
3 /B=|1 w w? W=|1 w ?|=[1 w? w
when N =3
1 w? wt 1 w? wt 1 w* w
1 0 0
The permutation matrix to exchange columnsin Q3 = FsPisP= | 0 0 1
01 0
Notice that multiplying by P on the right exchanges columns.
(101 1 1 0 1
1 1 1 w w? Wl 1 1 —1
4C=_—-F1lf=-= ==
N 4 1 w2 wt Wb 0 4 (71)2
|1 W W W 0 (—i)3
r 1
I D F: 0 .
5 Fy = ’ P | withD=| 4 | andw = ¢27/6
I —-D 0 Fj3
L w2
10000 0]
001 0 00
) o 0 000 1O
The even-odd permutation matrix is P =
01 00 0O
0 001 00O
L0 0 0 0 0 1]
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6 N = 6 means that w3 = ¢273/6 = ¢™ = _1 Then 1 + w® = 0 and w + w* = 0 and

w? +w® = 0.

T /2
7 2mag = flz)dx = / ldx =7 so0ag = (the average of f(x)).
-7 —m/2
™ T /2 - -
al/ cosQ:cd:c:/ cosz f(x)dx = / cos:cd:c:sin—fsin(f—) =2
-7 -7 —m/2 2 2
™

soay; =2/(r/2) = e

8 If A = Q then the rank-one pieces have (q; q; ) (g; q; ) = O since g q; = 0 fori # j.

1 1 1 1
I R T 1|0 1w | ‘
9 The vector x is — + = = — andy = — with w = —i.
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Problem Set 1V.2, page 220

1 (2,1,3) % (3,1,2) = (6,5, 14,5,6) Not cyclic
(2,1,3)® (3,1,2) = (6 + 5,5+ 6,14) = (11,11, 14)
Check by adding coefficients of ¢, d, and ¢ ® b: (6) (6) = (36). See Problem 3.
2 The question asks for a direct proof by comparing all 9 terms on both sides.
Left (codo+cid_1+cad_2)+w*(cody +c1dg+cad_1) +w?* (cody +c1dy +cadyp)
Right (co + w¥c; +w?*cg) (do + w¥dy + w?*dy). USE w3 = 1.

3 In c * d, every number ¢; multiplies every number d;. So when we add up all terms,
we get Y ¢; times ) d;.
4 Cgq;, = M\;(C) times g, and Dq;, = A\ (D) times g;,. Therefore
CDgq;, = C(Ax(D)gy,) = \e(C) Mg (D)gjand similarly for DCgj,.
5 This 4 x 4 circulant matrix C is all ones (rank 1). So it has 3 zero eigenvalues and
A1 = trace of C' = 4. Those numbers 4,0, 0, 0 are exactly the components of F'c for
c = (1,1,1,1) because the 3 last rows of F; add to zero. The sum 1 + 2 + 22 + 23 = 0

for z =4,z =42, and z = 3 (¢ and —1 and —9).

6 The “frequency response” uses the angle # in C(¢?) = > cje 9. At the special angles
0 = 27/N,4n/N,...,2rN/N, those numbers e“? are exactly w, w?,...,w" = 1.
Then the sums of ¢; €9 are the sums of cj wJ. Those sums are the components of F'e,

which are also the eigenvalues of C'.
So Problem 6 says: C'is invertible when all its eigenvalues are not zero. True !

7 ¢ ® d = e means that the cyclic convolution matrices (circulants) have CD = E.
Their eigenvalues have A\, (C) A\ (D) = Ai(E). Suppose we know C' and E. Then
the eigenvalue A\ (D) is A\;(F) divided by A, (C). This tells us all the eigenvalues
of D, which are the components of F'd. By inverting that DFT matrix we learn the

components of d, which tell us the matrix D.
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8 This problem uses the Schwarz (or Cauchy-Schwarz) inequality |f*g| < [|£||/lgl|-
The vectors f and g are ¢ and S™¢, which have the same norm because S is just a
shift. So [|S™c|| = ||¢|| (in other words ||f|| = ||g||) and the inequality says that

fTg = cTS™cis not greater than ||c|| [|S™¢]|| = ||¢||? = cTe.

This is the zeroth component of the autocorrelation of c.



